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Abstract. This paper deals with some self-interacting diffusions (X t ,t > 0) living on 
R d . These diffusions are solutions to stochastic differential equations: 

dX t = dB t - g(t)VV(X t - J[ t )dt, 



where Ji t is the mean of the empirical measure of the process X, V is an asymptotically 
strictly convex potential and g is a given function. We study the ergodic behavior of X 
and prove that it is strongly related to g. Actually, we show that X is ergodic (in the 
limit-quotient sense) if and only if ~p t converges a.s. We also give some conditions (on g 
and V) for the almost sure convergence of X. 



Processes with path-interaction have been an intensive research area since the seminal 
work of Norris, Rogers and Williams |13j . More precisely, self- interacting diffusions have 
been first introduced by Durrett and Rogers [7] under the name of Brownian polymers. 
They proposed a model for the shape of a growing polymer. Denoting by X t the location 
of the end of the polymer at time t, X satisfies a Stochastic Differential Equation (SDE) 
with a drift term depending on its own occupation measure (in dimension 1, we define 
it through the local time of X). One is then interested in rescaling X. This process has 
been studied by different authors (see [5j El [9j [121 US])- They show in particular in the 
self- attracting case, that X converges a.s. Later, an other model of polymers has been 
proposed by Benaim, Ledoux and Raimond [2]. They have studied, in the compact case, 
self-interacting diffusions depending on the empirical measure. When the process is living 
on a compact Riemannian manifold, they have proved that the asymptotic behavior of 
the empirical measure can be related to the analysis of some deterministic dynamical 
flow defined on the space of the Borel probability measures. Benaim and Raimond [3] 
went further in this study and in particular, they gave sufficient conditions for the a.s. 
convergence of the empirical measure. Very recently, Raimond [16] has generalized the 
previous work: he has studied the asymptotic properties of a process X, living on a 
Riemannian compact manifold M, solution to the SDE 
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1. Introduction 




dX t = dB t - g(t)VV * m(X t )dt, 
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with V * fJL t (x) = \ f*V(x,X s )ds, \i t = ~ f* S X A S and 9(t) = alog(l + t) (or \g(t)\ < 



alog(t) and g'(t) = 0(t~ 7 ) with < 7 < 1). He has proved that, else if g is constant, 
the approximation of fit by a deterministic flow is not true. He has more particularly 
investigated the example M = E> n and V(x,y) = — cos d(x,y) (where d is the geodesic 
distance on S n ) and proved that a.s. fi t converges weakly towards a Dirac measure. For 
an overview on reinforced processes, we refer the reader to Pemantle's survey |14j . 

In the present paper, we are concerned with some self-interacting processes living on 
M d . Consider a smooth potential V : M. d — > M + and an application g : M + — > Our 
goal is to study the ergodic behavior of the self-interacting diffusion X solution to 



where B is a standard Brownian motion and jj t denotes the empirical mean of the process 



Here \x is an initial (given) probability measure on M. d , p, denotes the mean of \x and r > 
is an initial weight (it permits to consider any initial probability measure). 

First, note that for a quadratic interaction potential V, the process satisfying (II. 2p is 
exactly of the form of (11 .ip and in both cases, the occupation measure is penalized by 
g(t). Afterwards, a natural generalization of this process is the class of self-interacting 
diffusions discussed here. The interesting point is that we manage to study precisely 
the asymptotic behavior of X and prove a convergence criterion. Moreover, this model 
could be used to modelize the behavior of social insects, as the ants trails. Indeed, ants 
mark their paths with the trails pheromones. Certain ants lay down an initial trail of 
pheromones as they return to the nest with food. This trail attracts other ants and serves 
as a guide. As long as the food source remains, the pheromone trail will be continually 
renewed. Despite the quick evaporation, the path is reinforced and so, the ants manage 
to gradually find the best route. In this (simplified) model, the function g is the speed of 
evaporation and X denotes the trail. 

In order to study the behavior of X, solution to (II. 2p . it is natural to introduce the 
process Y, defined by 



The study of Y is obviously easier than the study of X, because Y is a (non-homogeneous) 
Markov process. Indeed, we will prove that Y converges a.s. and satisfies the pointwise 
ergodic theorem. Because of that, the behavior of X could seem a bit easy at first 
glance. But, it really shows unexpected behaviors and in particular, it does not satisfy the 



(1.2) 



dX t = dB t - g{t) VV(X t - JI t )dt 
X = x 



X: 



(1.3) 
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pointwise ergodic theorem in general, (because Jl t does not converge, except for functions 
g going fast to infinity). This explains how difficult is the study of more general self- 
interacting diffusions in non-compact spaces (see Kurtzmann |10j). driven by the equation 
dX t = dB t - f Rd VV(X t , x)dfi t (x)dt. 

In this paper, we give a description of the asymptotic behavior of both fi t and X. For 
simplicity, we suppose that the potential V does not admit any degenerate critical point. 
Of course, this assumption will be weakened in the following. First, we state the ergodic 
result: 

Theorem 1.1. (1) The process Y satisfies the pointwise ergodic theorem: with prob- 
ability 1, the empirical measure of Y converges weakly to a random measure, and 
what is more, this last measure is a convex combination of Dirac measures taken 
in the critical points ofV. 
(2) The process X satisfies the pointwise ergodic theorem if and only if ~p, t converges 
almost surely. 

Remark, that a necessary condition for the convergence of JI t is that V admits a unique 
minimum in 0. We will prove this result in §5.11 

The second and main result of this paper is the following description of the asymptotic 
behavior of X, shown in §6.21 : 

Theorem 1.2. Suppose g(t)~ l logG(t) = 0{h(t)~ l ), where G is a primitive of g and 

JO h(s) < °°- 

(1) Then the process Y t converges almost surely to Y^, where Y^ belongs to the set 
of the local minima of V . Moreover, for all local minimum m of V , one has 
P(Foo = m) > 0. 

(2) On one hand, on the set {Y^ = 0}, we have that both X t and ~fi t converge almost 
surely to JL^ := ~p, + J^°Y S ^^. On the other hand, on the set {Y^ ^ 0}, we get 
that lim X t / log t = Y^ . 

The remainder of the paper is organized in the following way. In Section 2, we motivate 
our study by the basic case V quadratic, for which we have an explicit expression of X 
and Y (in terms of Brownian martingales). Afterwards, we introduce the notations and 
hypotheses. Section 4 deals with the description of the behavior of Y around the local 
extrema of V. Then, we study in Section 5 the ergodic behavior of Y and give conditions 
for the almost sure convergence of Y. Finally, Section 6 is divided in two parts. The 
first one is devoted to the proof of the main results, whereas the second one deals with 
conditions for the almost sure convergence of X (depending on g). 

2. A MOTIVATING EXAMPLE: THE QUADRATIC CASE 

Let X be the solution of the SDE 

(21) { dX t = dB t -g(t)VV*fi t (X t )dt 

\ X = x 
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where V * fit(x) '■= J V(x — y)fi t (dy) and \i t is the empirical measure of the process 
namely 

r If* 
IH = — — rA* H —7 / $x s ds. 



r + t r + t j 

We consider V(x) = \{x, cx), where c is a symmetric positive definite matrix. We suppose 
that g is non-decreasing and denote G(t) := f*g(s)ds. 

Remark 2.1. Without any loss of generality, we suppose that d = 1, because the method 
is exactly the same when d > 1 . The only thing to do is to diagonalize the matrix c and to 
remember that for an orthogonal matrix U, the process (U ■ B s , s > 0) is also a Brownian 
motion. So, we consider 

1 y* . r 



W * m{x) = cx / cX s ds c/i. 

r + t Jo r + 1 

2.1. Explicit expression of X. When the interaction function is quadratic, X is the 
sum of a Brownian martingale and a deterministic part. Moreover, one can prove the 
convergence of the empirical measure with the expression of X t and ~fi t . 

Proposition 2.2. If X is the solution to fl2.ll) . then we have 

Y t := X t -lh= ^- t e ~ CG(t) Q£ ( r + s)e cG(s) dB s + r(x - JZ^J . 
Proof. The process Y satisfies 



(2.2) dY t = dB t - lcg(t) + — Y t dt, Y = x-JI. 

Our strategy to express Y in terms of a Brownian martingale is to consider the modifica- 
tion of Y, defined by Ut := (r + t)e cG ^Y t . Then Ito's formula implies 

dU t = (r + t)e cG{t) dB t ; U = r(x - Jl). □ 

Corollary 2.3. The solution to the SDE (12.11) is given by 

X t = x + rc{jl - x)F{t) + [ [1 - (r + s)ce cG{s) {F{t) - F(s))] dB s . 

Jo 



Moreover 



H t := —— / X s ds + ——V 
r +t J Q r + t 

= x + r (J[ - x) (^-^-f~ cG[t) + cF(t) 

/ 1 p -cG{t) 

1 - (r + s)ce cG(s) Fit) - F{s) + 



r + t 



dB s 



where F(t) = J^e-^^ds. 
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Proof. We already know the expression of Y t := X t — fx t - We easily get djl t = ^dt, and 
so, by Fubini's theorem for stochastic integrals, we have 

JZ t = [ (r + s)e cG{s \H(t)-H(s))&B s + r(x-ji)H{t)+jji 
Jo 

with H(t) := J* j^^-du. As X t = Y t + ~p t , the latter result implies 

-cG(t) 



X t = j^r + s)e cG ^\- TT + H(t)-H(s)jdB s 
+ H(t))r(x-Jl)+JI 



e -cG(t) 

r + t 

Integrating by parts, we get H(t) - H(s) = 6 - 6 ^ - c f* g(u)e~ cG{ - u) -^ and the 
result follows. □ 

Remark 2.4. According to the expression of X, we find that (X t ,t > 0) = (— X t ,t > 0) 
if and only if~p = x = 0. 

2.2. Ergodic result. We begin to prove the pointwise ergodic theorem for the following 
non-homogeneous (Gauss-)Markov process. 

Lemma 2.5. Let a : IR + — > R + be a continuous function, such that lim a(t) > 0, 

t^oo 

A(t) := J Q a(s)ds increases to A(oo) = oo and for V{t) := e~ 2A ^ J Q e 2A ^ds, V(oo) < oo. 
Consider the process defined by 

dZ t = -a(t)Z t dt + dB t , Z = z. 

Then, denoting by 7 the centered Gaussian measure with variance V(oof\by an abuse of 
notations, let Af (0,0) = 5q), we have for all continuous bounded function (p 

- [ (p(Z s )ds ^ [ (p(z)j{dz). 

t J Q t^oo J 

Proof. It is enough prove the result for the Fourier transform. First, note that we can 
give an explicit expression of this process, that is 

e -Mt) I /VwdB.+ 



Let T s '■= c(B u , < u < s). It is obvious that, knowing T s , Z t has a Gaussian law with 
mean m(s,t) := e" (j4( ' )_A(s)) Z s and variance V(s,t) := e~ 2A ^ f s e 2A(u) dw. Fix t E R + ,u G 

E and define the martingale M s '- U := E (e iuZt \T^) = exp {iuZ s m(s,t) - ^V(s,*) J. Ap- 
plying Ito's formula to s ^ M*' u , we find that dM*- u = i ue -{A(t)-Ms)) M l s ' u dB s . So, 

e iuZ t =Ee iuZ t + f me ~(A(t)-A(s)) M t,u dB ^ 
JO 
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Then, applying Fubini's theorem for stochastic integrals (see [?] p. 175), we easily get 



(2.3) 



e iuZa ds 



Ee iuZs ds+ I dB s 



tUe ~( A (r)-A(s)) M ru dr 



But, as Z is Gaussian with variance V(0, t), it converges in distribution to a Gaussian 
variable of law 7 = Af(0, V(oo)). Because of Cesaro's result, we find 



E[e mZs ]ds 



-« 2 V(oo) 2 /2 



t— >oo 



It only remains to find an equivalent to the stochastic part of (12. 3p . Denote Ng t (v) : = 
J s 'iMe AW " iW M% u dr. First, on the set {/ °° < N u t (s) > s ds < 00} the stochastic part 
of (12.31) converges a.s. to a finite variable and so, it is of the order of o(t). Indeed, we 
decompose it as 



(2.4) 



N™(s)dB s 



NUs)dB s 



On the set { f °° < iV"(s) > s ds = 00}, the law of large numbers for martingales implies 
a.s. 



me -(A(r)-A(.))™ dr 



ds 



Indeed, we find the rough upper bound by using the initial definition of M r s ' u : 
\KA S )\ ^ M I V (s) ~ A(r) dr = \u\e A{s \K t -K s ) 

J s 

where K t := f* e~ A ^dr. As the asymptotic development of K is K t = — 



+ 



-A(t) 
a(t) 



we find 



f e 2A ^ s \K t -K s fds < 2{K t -K 00 f /V«ds 
Jo Jo 

+ 2 f e^XK^-Ksfds 
Jo 

So, the previous integral is of the order of 0(t). Denote S t : = J N^ OQ (s)dB s , we have 



^E(5 t 2 ) 



t 2 



E(N?(s)fds < 



\u 



2 ft 



e^dsiK^ - F{t)f = o{r 2 ). 



By Borel-Cantelli, we find that ^ converges almost surely to 0. To conclude, it remains 
to write 



t 



JuZ s ds 



Ml 

t [t] 



ds 



t 



SuZ s 



ds, 



[t] 



where [t] denotes the bigger integer less than t. 



□ 
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Lemma 2.6. Suppose that g'(t)/g 2 (t) converges to and that \img(t) > 0. Then the 
random variable ~p, t = ^ J* X s ds + -^njl converges almost surely. 

Proof. Introduce H(t) := J* j^^-du. First, decompose the process ~p t = + ~p 2 + 
where 

l4 = JI + r{x -Jl)H{t)] 



-p 2 t = (H(t) - (oo)) Ar + s)e cG ^dB s ; 

Jo 

[ (r + s)e cG(s) (#(oo) -H{s))dB s . 
Jo 



f e~ cG ^ \ 



Obviously, the deterministic part Jt] converges because of the convergence of H(t) 

We need the following development of H: 
(2.5) „ {t) = H(x) -- m L_ e -^ +0 

The deterministic term of Ji 2 is equivalent to ^mhq^2 e ~ cG ■ Remark, that the quadratic 
variation of the stochastic term in JI 2 equals j Q \r + s) 2 e 2cG ^ds = O j because 

g'(t)/g 2 (t) tends to 0. By the law of the iterated logarithm ([UJ Theorem 3), we finally 
get ni — > 0. 

t— »oo 

Last, the term JI t is a local martingale, and actually a L 2 -bounded-martingale. Thus 
converges a.s. to /Z^. 

We conclude that JL t /Z^ with /Z^ —]J + H(oo)r(x — 7Z) + /Z^. □ 

t— >oo 

Theorem 2.7. Suppose that g'(t)/g 2 (t) converges to and that \im g(t) > 0. Then, with 
probability 1, the empirical measure fi t converges weakly to a random measure /x^, and 
the previous limit /Z^ is the mean of Hoq. 

Proof. We first point out that the deterministic part of X t converges, because of the 
formula (jOl . 

Decompose the process X into three parts: X t = /Z^ + 4>{t)U t + o(l) where 

POO 

■pac := x + cr(jI-x)F(oo)+ [l - (r + s)ce cG{s) (^(°o) - F(s))] dB s 

Jo 

p -cG(t) ft 

U t := — — / (r + s)e cG ^dB s 
r + t Jo 

0(t) : = c (r + t) (F(oo) - F(t))e cG(t) 
Again, we prove the result for the Fourier transform. We have the following: 

1 ft . v e^CMoo+oCi)) ft . ,. . TT 



t Vn t 
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As shown in Lemma 12.61 the random variable Jt^ is well-defined. By Lemma 12.51 the 
random variable <fi{t)U t satisfies the pointwise ergodic theorem. So, we get the ergodic 
result: \ J Q e iu ^ s)Us ds converges a.s. So, the Fourier transform of fit converges a.s. □ 

Corollary 2.8. Suppose that Suppose that g'(t)/g 2 (t) converges to and that g converges 
to < g(oo) < oo. Then the limit fi^ is a Gaussian measure with a random mean: 

Moo = N [Poo, 2fafc) ■ 

2.3. Asymptotic behavior of X. In the preceding subsection, we have shown that X 
satisfies the pointwise ergodic theorem. We prove here that, depending on g, this process 
exhibits different behaviors: X converges either almost surely, or in probability (and not 
a.s.), or it diverges. 

First, we describe roughly the asymptotic behavior of X. 

Proposition 2.9. Suppose that g'(t)/g 2 (t) converges to and that g converges to < 
g(oo) < oo. Then we get 

P ( limsupXi = +oo ] = P (liminlXt = -oo) = 1. 

Proof. We start to prove that the measure /i^ is diffusive. Let A be a non neglectable 
subset of M. We have the asymptotic equivalence 

/ 5 Xs (A)ds ~ a 
Jo 

where / is a positive constant depending on A. So, / °° Sx a (A)ds = oo a.s. It then implies 
that for all K > 0, / °° 8x s ([K, oo[)ds = oo a.s. and so 

P (fi{f w > ds = 4)= L 

We conclude that P(limsupX t = +oo) = 1. The proof is exactly the same for liminfX t . 

□ 

Proposition 2.10. Suppose that g'(t)/g 2 (t) converges to and that limg(t) = oo. Then 

X t converges in probability to a random variable X^ and a.s. fi t converges weakly to dx^- 

Proof. As Y is a Gaussian process and ^{Y 2 ) = 0{g{t)^ l ) ) we find that Y converges in 
L 2 and so in probability to 0. Decomposing X as X t = Y t + J * K,^, we get that the 
sequence (E|A 4 | 2 , t > 0) is Cauchy and thus converges. As a consequence, X converges to 
Xqo in L? . We then easily get that \i t converges toward bx x in probability. By Theorem 
12.71 a - s - £*t converges weakly and we conclude by uniqueness of the limit. □ 

Proposition 2.11. Suppose that g'(t)/g 2 (t) converges to and that g{t)~ l logG(t) is 
positive and bounded on M + . Then there exists M > such that 

P(limsup|Fi| < M) = 1. 
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Proof. We can rewrite Y as a Brownian (local) martingale: Y t = jj^ (y + J* f(s)dB s ^j 
where f(t) := (r + t)e cG ^. We point out the following asymptotic result 

f\r + s) 2 e 2cG ^ds = 0((r + tfg{t)- l e 2cG ^) . 
Jo 

By the law of iterated logarithm, there exists M > such that a.s. limsup \Y t \ < M. □ 

Corollary 2.12. Suppose that g'(t)/g 2 (t) converges to and that git) -1 logG(t) is bounded 
for all t > 0. Then the process X t is bounded a.s., converges in probability to Xoo = Jl^ 
and a.s. /j, t converges weakly to o~x x - 

Proof. We know that X t = Y t + Jl t . As Y is a.s. bounded and /7 t converges a.s., X is 
also a.s. bounded. Moreover, Y is Gaussian and thus converges (in law) to a centered 
Gaussian variable. This last variable being bounded, Y converges in probability to 0. 
But Y does not converge a.s. to because of the law of the iterated logarithm. As a 
consequence, X converges in probability to Xoo = JL^. We conclude by uniqueness of the 
limit that a.s. fi t converges weakly to ftx^- D 

Proposition 2.13. Suppose that g'(t)/g 2 (t) converges to and that lim git) -1 log G(t) = 
0. Then the following hold: 

(1) The process Y t := X t — ~p t converges to a.s. 

(2) The processes X t and~p t converge tofl^ a.s. and a.s. ji t converges weakly to &p . 

Proof. We only need to prove that Y t := X t — ~p t converges a.s. to 0. We have already 
seen that Y t = e ^ ] f*(r + s)e cG ^dB s + r(x — ~p) 6 ^ =: Y 1 + Y 2 . The deterministic 
part of Y t , namely Y 2 , converges obviously to 0. Then, the law of the iterated logarithm 
implies that Y t converges a.s. to 0. As a.s. /i t converges to a random measure /i^, by 
uniqueness of the limit, we conclude that fi^ = &p . □ 

3. Notation, hypotheses and existence 

Let G be the function G(t) = J* g(s)ds and G -1 its generalized inverse: G -1 (t) : = 
inf{w > 0;G(u) > t}. In the sequel, (•, •) stands for the Euclidian scalar product. We 
also denote by V(M. d ) the set of probability measures on M d . 

In the sequel, the assumptions on the potential V : W 1 — > M+ are: 

(1) (regularity and positivity) V G C 2 (R d ) and V > 0; 

(2) (convexity) V = W + x where x is a compactly supported function such that 
V% is Lipschitz (with the constant C > 0) and there exists c > such that 
V 2 W(x) > eld] 

(3) (growth) there exists a > such that for all x G W 1 , we have 
(3.1) AV(x) < a(l + V(x)) and lim = oo. 

\x\^QO V(X) 
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Remark 3.1. 1) The convexity condition implies that V is strictly uniformly convex out 
of a compact set K. 

2) By the growth condition (13. II) . | W\ 2 — AV is bounded by below. 

We also assume that V has a finite number of critical points. Let Max = {Mi, . . . , M p } 
be the set of saddle points and local maxima of V and Min = {mi, . . . , m n } be the set of 
the local minima of V. We assume that Vz, V£ £ W 1 , (V 2 V(rrii)^, £) > and for all Mj, 
V 2 V{Mi) admits a negative eigenvalue. 

For the moment, we also suppose that g : M + — > M + is non-decreasing and g £ C X (]R + ). 
We will give the precise assumptions on g in the statement of the results. Remark, that 
if lim git) = oo, then for all T > 0, we have that G~ l (t + T) — — > 0. 

t— >oo t— >oo 

The main goal of this paper is to study the asymptotic behavior of [i t and X. First, we 
show that X satisfies the pointwise ergodic theorem, that is 

Definition 3.2. The process X satisfies the pointwise ergodic theorem if there exists a 
measure ^ such that a.s. \i t := ^ (r[i + Jj^dsj — > fi^ for the weak convergence of 

measures: for all continuous bounded function f, | J Q * f(X s )ds J fd^^. 

Let us begin to prove that the SDE studied admits a unique global strong solution. 

Proposition 3.3. For any x £ R d , ji £ V(R d ) and r > 0, there exists a unique global 
strong solution (X t ,t > 0) of (11.2ft . 

Proof. The local existence and uniqueness of the SDE studied in this paper is standard 
(see |T7] theorem 11.2). We just need to prove here that Y, hence X (because X t := 
Y t + J Q * Y s ^^), does not explode in a finite time. 
We apply Ito's formula to the function x h- > V(x): 



dV{Y t ) = {VV{Y t ),dB, 



+ ( l -AV{Y t ) - g{t)\VV{Y t )\ 2 - -±-(VV(Y t ),Y t ) ) df. 



Let us introduce the sequence of stopping times 



r n = inf {t > 0; V(Y t ) + / g(s)\VV(Y s )\ 2 ds > n}. 



We note that f Q T " (VV(Y S ), dB s ) is a true martingale. The growth condition (13.11) implies 
that (VV(y), y) — >■ +oo and that | W\ 2 — AV is bounded from below. So, there exists 

\y\^+oo 

C such that 

EV(Y tATn )<E(V(Y )) + Ct. □ 

4. Study of the process Y 
We study the process Y, which is the solution to the following SDE 

(4.1) dY t = dB t - (g{t)VV(Y t ) + dt; Y = x - Jt. 
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More precisely, we study the behavior of Y around the critical points of V. We show in 
particular for each local minimum of V, that Y stays close to it with positive probability 
; whereas this probability vanishes for an unstable critical point. 

4.1. The process Y t gets close to the critical points of V. 

Proposition 4.1. Suppose thathmg(t) > 1/2, andforallT > 0, G- l {t+T)-G~ l {t) -> 

0. Then, almost surely, the process Y gets as close as we want to the set Min U Max: 
We > 0, for all t > 0, T t £ := inf{s > t; d(Y s , Min U Max) < e} < oo a.s. 

Proof. Let e > 0. Applying Ito's formula to x \— > V(x), we obtain 

(4.2) dV(Y t ) = (VV(Y t ), dB t ) - D(t, Y t )dt. 
where we have introduced 

(4.3) D{t,y) = g(t)\VV(y)\ 2 + -^- t (y,VV(y))-^AV(y). 

We denote by MinUMax the set of the critical points of V. Then it follows from the growth 
condition (13.11) that on the set {z; d(z, Min U Max) > e} and for t > 0, the functions 
y ^r t (y,VV(y)) + l [\VV(y)\ 2 - AV(y)} and y » (g(t) - |)|VV(y)| 2 are bounded from 
below. Moreover, the application y \— > (g(t) — ^)\W(y)\ 2 , is positive for t large enough. 
So, there exists t = t (e) such that: V t > t , V y G {z; d(z, Min U Max) > e} we have 

(4.4) g(t)\VV(y)\ 2 + _!_(„, W(y)) - ^AVd/) > ^|V\/(y)| 2 > 0. 

Let us introduce the stopping time Tf = inf{s > t; d(Y s , Min U Max) < e}. We want to 
prove that, for all t > t , P(T t e < +00) = 1. Then, it follows from (@~2]) and (H3D that, for 
t > to, the following processes are two super- martingales: 

{V(Y sATf ), s > t) and I V(Y sATf ) + -J g(u)\ VV(Y uAT! )\ 2 du, s>tj. 

As they are nonnegative, they converge a.s. as s — ► 00. So, the process ( J sAT * g(u)\ W(Y uAT z)\ 2 du, s > t 
also converges a.s. On the set {Tf = +00}, we have 

|w(y sA3? )| 2 ^ 0. 

Thus Y sA t* gets close to MinUMax and there is a contradiction. Finally, P(T t e < +00) = 1 
for all t > to- For t < to we remark that t 1— > T t is increasing. □ 

Corollary 4.2. Suppose that\img(t) > 1/2 andforallT > 0, G? -1 (t+T) °- 

t^oo 

Then, almost surely, the process Y gets close to the set MinUMax infinitely often: We > 0, 
there exists a sequence of stopping times (T n ) n >i such that T n tends to infinity and 

Vn > 1, P(T n < +00) = 1 and d(Y Tn , Min U Max) < e. 

Proof. Let = inf{s > n; d(Y s , Min U Max) < e} < 00 a.s. We conclude by choosing 
T n = T^ in the proof of Proposition 14.11 □ 
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4.2. Case of a stable critical point: local minimum. We will prove that if the 
process Y is close to a local minimum m, then the probability that the set {Y s ; s > 0} 
is included in a neighborhood of m is positive. Indeed, a second-order Taylor expansion 
permits us to compare (y — m, W(y)) and \y — m\ 2 and we use a comparison theorem 
for the associate SDE. 

Let m be a local minimum of V such that S7 2 V(m) > 0. Taylor's formula implies that 
there exists a > and £o > such that for all \y — m\ < £o we have (y — m, W(y)) > 
a|t/ — m| 2 . 

Proposition 4.3. Suppose that \img(t) > 1/2, converges to when t tends to 

infinity. Assume also that ^/g(t) -1 logG(t) is bounded on M.+ . Let Eq > e > 0. Then, 
there exists Tq > such that, for all T > To, we have on the event {\Yt — m\ < e}, that 
P (Vs > T; \ Y S — m\ < e) > 0. Moreover, on the event {Vs > T; \ Y S — m\ < e}, we have 

\Y t+T -m\=0 (yJg{t + T)-nozG{t + T)) a.s. 

Proof. We will show at the end of the proof that P(Vs > T; \Y S — m\ < e) > 0. Suppose 
for the moment that this event has a positive probability to occur. Without any loss of 
generality, we can suppose that m = 0. Consider the time-changed process Y t := Y t+ T- 

1) Suppose that d = 1. Let e > 0. As V (m) > 0, there exists a > such that for all 
< y < e 

(4.5) V\y)>ay. 

Let us introduce the non-negative process U solution to the SDE 

(4.6) dU t = dBj - ag{t + T)U t dt + dL t , U = Y > 0, 

where L corresponds to the local time of U in 0. 

Step 1: the equation (14.61) admits a unique solution U t , which is nonnegative. Let Z 
be the process defined by Z t = e aG ^ t+T ^Ut. By definition of U, we easily obtain that 

dZ t = e aG ^dBf + e aG ^dL t . 

Let a(t) be the function such that J Q a{t) e 2aG ( s+T )ds = t and define A t := f* e aGi - s+T) dL s . 

If we consider the process Z a ^ = Z a ^) + W t + A a ^ (where W t = f e aG( - s+T ^dBj), then 
A t increases if and only if L t increases and so, A a ( t ) increases if and only if Z a ^ — Z a ^ 
vanishes. This means that A a u\ is the local time at zero of W. Skorokhod's lemma (see 
[S]) then entails that the process Z a M is uniquely defined by Z a n) = where is the 
reflected Brownian motion associated to W. So, there exists a unique (strong) solution 

(4.7) U t = U + e- aG ^W+_ 1{t) . 

Step 2: by the law of the iterated logarithm, there exists a constant C > such that 
U t < Ce- aG{t+T) ^/a- l (t) logQogta- 1 ^))) a.s. 
As a^it) = jle 2aG( - s+T ^ds, we get that a.s. U t = O L/g(t + T) -1 log G(t + T)) . 
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Step 3: Y t < Ut a.s. by a martingale comparison theorem. Indeed, let / be a function 
of class C 2 such that: 

Vx > 0, l(x) > and l' (x) > 0, 
Vx < 0, l{x) = 

According to ito's formula, we have 

l{Y t -U t ) = - jf l'(Y 3 - U 3 ) (^g(s + T)V\Y S ) - g{s + T)aU s + - + ^ + - j ds 

- / Z'(y s -C/ s )dL s . 
>/ o 

As C/ is nonnegative, Y is positive on the event [Y s > U s }, and so by the bound (14. 5p . we 
find that g(s + T)V'(Y s )-ag(s + T)U s > ag(s + T)(Y s -U s ). We then have l(Y t -U t ) < 
a.s. and this leads to 

(4.8) Y t <U t a.s. 

Using the same argument on [— e, 0] we get the lower bound Vt < Y t , where Vt is a 
nonpositive process. 

Finally, the processes V and U satisfy, by the law of the iterated logarithm 

lim sup C/ t = - lim inf V t = lim a/ g(t + T) _1 log G(t + T). 
2) Suppose that d > 2. Define r := inf {t > 0; Y t = 0}. Ito's formula implies 

(4.9) d|iW| = dW tAT — g(t At + T) ( -3^-, W(*W) j <!/ 



r + tAr + T 2|K 



where Wi = J"J ^-j^,di?jj is a standard Brownian motion. The condition V 2 U(0) > 
implies that there exists a > such that 

(4.10) V|y|<e, (y,VV(y))>a\y\ 2 . 

Let us introduce the (d — l)-dimensional Bessel process R. Consider the time-changed 
process U t := e~ aG( - t+T ^ R jt e2aG (s+T) ds , which is the nonnegative (strong) solution to 

(4.11) dU t = d(3? -ag(t + T)U t dt + ^-^dt, 

ZUt 

where (3 t is a Brownian motion. On the event {Vs > T; \ Y S \ < e}, we apply the previous 
comparison theorem and we obtain that \Y t \ < U t . On the other hand, R t is the radial 
part of a (i-dimensional Brownian motion. Similarly to the one dimensional case, the law 
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of the iterated logarithm implies that a.s. R t = 0(yj{t + T) log log(i + T)), and so a.s. 

U t = o(y/g{t + T)-nogG{t + T)). 

It remains to prove that P (Vs > T; \Y S — m\ < e) > 0. Let : = inf{s > T; |K, — m\ > 
e}. For all T < i < r T , we have a.s. \Y t -m\<U t + V t . As U t = e~ aG( * +T) W+_ 1(i) and 

(4-12) hmsnp(|^| + |V t |) . /-^±IL < 1. 



So, for T large enough, we have P I sup (E/ a + V B ) < ej > (because ^f 1 - 2 ^ 1 is bounded) 

and finally P(r T = oo) > 0. □ 

Corollary 4.4. Suppose that \im g(t) > 1/2, and that and lo ^^^ converge to when 
t tends to infinity. Then, there exists T > stzc/i that for all T > T , the process Y t — m 
converges almost surely to on the event {Vs > T; \ Y S — m\ < e} . 

Proof. We follow the previous proof and recall that \Y t — m\ < U t + V t . We conclude with 

dm. □ 

4.3. Case of an unstable critical point. 

4.3.1. Case of a local maximum. Let M be a local maximum of V. As AV(M) < 0, 
£i := supje; V|y| < e, AV r (M + u) < 0} exists and is finite. 

Proposition 4.5. Suppose that limg(t) > 1/2. Lei < e < E\, M a local maximum of 
V and T := mf{t > 0; \Y t - M\ < e}. Then 

P(Vs >T; \Y S -M\ <e) = 0. 

Proof. For the sake of simplicity, we restrict our attention to the case M = 0, because the 
method is exactly the same when M^0. Note, that T < oo a.s. by Proposition 14.11 By 
Ito's formula: 

dV(Y t+T ) = (VV(Y t+T ), dB t+T ) - D(t + T, Y t+T )dt 

where D(t,y) is defined by (14.31) . On the event A := {Vs > T; \Y S \ < e} we obtain the 
bound 

D(t + T,Y t+T ) = g(t + T)\VV(Y t+T )\*+ ( Y t+T,VV(Yt +T )) _ I 

r + t + T 2 

where G\ = inf{(u, VV(y)); \y\ < e} and C 2 = —\ sup{A^(?/); \y\ < e} > 0. We thus find 
for t large enough that D(t + T, Y t+T ) > C > and so 

(4.13) E (V(Y t+T )l A ) < E (V(F T )11 A ) - CtF(A) + o(t). 

Finally, this last inequality is impossible since V is nonnegative. So, we conclude that 
P(A) = 0. □ 
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Remark 4.6. If M ^ we have an additional term M\og(t + T) and the proof is exactly 
the same. 

4.3.2. Case of a saddle point. Let M be a saddle point of V. First, remark that, if 
AV(M) < 0, then we can follow the proof of Proposition 14.51 to conclude. Nevertheless, 
we give here a general proof. 

Let e be an unstable direction (that is d 2 e V(M) < 0) associate to the saddle point 
M and P e : M. d i— > Me the projection on Me. We know that such a direction exists 
(because V 2 V admits a negative eigenvalue in M). As d^ e V(M) < 0, e 2 '■— sup{e; W\y\ < 
e, d 2 ee V(M + y) < and (d e V(P e (y)), d e V(y)) > 0} exists and is finite. 

Proposition 4.7. Suppose that \img(t) > 1/2. Let < e < 62, M a saddle point of V 
and T a positive stopping time such that \Yt — M\ < e. Then 

F(Vs > T; \Y S -M\ < e) = 0. 

Proof. Suppose for simplicity that M — 0. Ito's formula applied to the function x 1— > 
V(P e (x)) implies that 

dV (P e (Y t+T )) = dM t+T - D(t + T, Y t+T )dt, 

where M t := f* (d e V (P e (Y s )) , P e (dB s )) is a local martingale and 

D(t, Y t ) := g(t) (d e V (P e (Y t )) , d e V{Y t )) + (d e V (P e (Y t )) , P e (Y t )) - l -d 2 ee V {P e {Y t )) . 
On the event A := {Vs > T; \Y S \ < e} we get the bound 

D(t + T,Y t+T ) > ° 3 + C 4 , 
r + t + i 

with C 3 := M{(P e (y),d e V(P e (y))); \y\ < e} and C 4 := -| sup{9 e 2 e V r (P e ( 2 /)); |y| < e} > 0. 
Thus, for t large enough, there exists C > such that D(t + T, > C > and so 

E(F(p e (r t+T ))i A ) <E(p e (F(y T ))i A ) -ctP(A) + o(t). 

Finally, as V is a nonnegative function, we conclude that F(A) =0. □ 

5. Asymptotic behavior of Y 

5.1. Pointwise ergodic theorem. The aim of this paragraph is to prove that Y satisfies 
the pointwise ergodic theorem. We begin to show that Y is bounded in L 2 . 

Lemma 5.1. Suppose that \img(t) = 00 and lim = 0. Then, the process Y is L 2 - 
bounded. 

Proof. We will prove a stronger result and show that EK(Y^) is bounded. Ito's formula 
implies 

dV(Y t ) = (VV(Y t ), dB t ) - g{t)\VV{Y t )\ 2 dt - ^'^f^ dt + \&V{Y t )dt. 
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As W is strictly convex everywhere, with a constant of convexity C, and x is a compactly 
supported function, the map y i— »■ (y, Vx(?/)) is bounded (by M > 0). For all n G N, 
define the stopping time r n = inf{t; |Y^| > n}. Then, we get by localization (and because 
g is non-decreasing): 

E|Y tAr J 2 < EV(Y ) + Mt < oo. 
Let n go to infinity and use Fatou's lemma to get, for all t > 0, that V(Y t ) G L 1 . By 
the growth hypothesis (13. 1 1) , there exists some a > such that — ^(t)V r (x) + aV(x) < 
—ag(t)V(x). So, the following holds 

^®V(Y t ) < -^-E\Y t \ 2 + a - a<?(t)El/(Y t ). 

Now, we solve this inequality by solving u = a — ag(t)u and then El/(Y t ) = 0(1). □ 

In order to obtain the ergodic result for Y, we introduce a dynamical system for 
which Y is an asymptotic pseudotrajectory in probability (see [1] for more details on this 
notion), that is 

Definition 5.2. The process Y is an asymptotic pseudotrajectory (in probability) for the 
flow 4> if VT, a > 0, we have 

(5.1) limP ( sup \Y t+h - cf> h {Y t )\ > a ) = 0. 

Let us consider the time-changed process Fg-im. It satisfies for all h > 

rh 

Yc-^t+h) - ^b-i(t) = B G -i( t+h ) - B G -i(t) - I VV{Y G -i(t +s ))ds 

Jo 







where we have defined n(t) := (r + G~ 1 (t))g(G~ 1 (t)). 

Proposition 5.3. Suppose that Mm g(t) = oo, and that vanishes when t tends to 
infinity. Let <fi : R x R d — > M. d be the flow generated by 

(5.2) ^ t (x) = -W(<Mx)); o (x)=x. 

T/ien K zs an asymptotic pseudotrajectory for <fi: for all T > and a > 0, 

limP ( sup \Y G - Ht+h) - MY G -Ht))\ > a ) = 0. 
Proof. A simple computation yields to, with Y t = Y g -im and B t = B g -im 

Y t+h -MYt) = B t +h-Bt + J o (vV{<f> s {Y t )) - VV(Y t+s )) ds 



ds 

K(t + S) 



SELF-INTERACTING DIFFUSIONS: ERGODICTTY AND CONVERGENCE 17 

Let us apply Ito's formula to h h-> e - 2 C^|y^ +/i _ (p h (Y t )\ 2 . As V = W + x, where 
((,V¥(i)() > C|£| 2 and Vx is C-Lipschitz, we have 



\ d(e~ 2Ch \Y t+h - MYt)?) 



e~ 2dh (Y t+h - MYt), dB t+h ) + e~ 2dh — ^— (V^ - ft (y t ), ^n-h) d/i 



+ e" 2 ™ (y t+h - <f> h (Y t ), VV{<t> h {Y t )) - VV{Y t+h )^j dh 

+ ±e- 2dh d < Y t+ . - <p.{Y t ) > h -Ce- 2dh \Y t+h - <p h {Y t )\ 2 dh 

< e~ 2Ch (Y t+h - MYt), dB t+h ) + — - - (Y t+h - MYt), Y t+h j dh. 

So, we have the following upper bound: 

\ sup |y + ,-0,(F t )| 2 < sup e 2dh [ k e- 2ds (Y t+s - <f> s (Y t ) , dB t+s ) 

* 0<h<T 0<h<T Jo 

e 2dT f T 1 
+ 2 7 g(G-i(t + 8 )) S 

2CH f* 2ds fa +S -MYt),Y t+s ) 
+ sup e 2Ch / e" 2 ^ -. r '-ds. 

0<h<T Jo K(t + S) 

By BDG's inequality for the local martingale J Q h e~ 2 ^ s (Y t+s — <fi s (Y t ),dB t+s ) and a rough 
upper bound for its quadratic variation, we deduce the existence of a positive constant 
C 2 such that: 



e( sup \Y t+h - MYt)\ 2 ) < e 2CT {G-\t + T)-G- l {t)) 

\0<h<T J 



e( sup \Y t+h -MYt)\ 

\0<h<T 



+ C 2 e ACT {G~\t + T)-G-\t)) 

+ e^ifsup /7y +s -0 s (y),y +s )-^) 

\0<h<TJo \ J K{t + S) J 



We now need to estimate the last mean of the latter inequality. We have: 

" y t+ , - *M,Yj) < \ f ^'-^\ s + i f %Lu. 







1/2 
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Because k is non-decreasing and by Lemma 15.11 we get the bounds: 

f h \ Y t+s\' 2 , \ 
E sup / ' + 1 - ds < 



0<h<T Jo 



K(t + S) / ~~ K(t) 



e( sup / ds ) < sup |r 4+ ,-^m)| 2 V 

But by hypothesis on g, (G _1 (t + T) — and ft(i)" 1 converge to when t increases 

to the infinity. So, we obtain for t large enough: 

Efsup \Y t+h - 4> h (Y t )\ 2 ) < 2e idT {G-\t + T)-G-\t))+2Me 2dT ^-. 

To conclude, we just need to use Markov's inequality to conclude: 



P sup \Y t+h -<f )h (Y t )\>a)<—E[ sup \Y t+h - <f> h (Y t )\* ) . □ 

\0<h<T / Oi \0<h<T J 

Lemma 5.4. Suppose that for all T > 0, G~ l (t + T) — vanishes when t tends 

to infinity. Let ([if 1 ,t > 0) be the family defined by /if = ~ <5y G _i (s) ds. TTien, 
(/-f^ 1 ,t>0) is a tight family of measures. 

Proof. It is enough to show that a.s. (p(t) := f*V(Y G -i^)ds = 0(t). Indeed, letting 
A > and K being a compact set such that Vx G we have V(x) > A, then we get 

^-\v)>a^-\k% 

From the growth assumption (13.11) . there exists a > and for all e > 0, there exists fe e 
such that 

< o(l + V) and y < k £ + e\VV\ 2 . 

It then easily implies that 



(5.3) 



<p(t)<k e t + e [ \VV(Y G - 1(s) )\ 2 ds 
Jo 



and L AV(Y G -i( s ))ds < at + a<p(t). Applying Ito's formula to the process t i— > V(lo-i( t )), 
we obtain 

,G-!(t) 



V(Xa-Ht))-V(Y G - H0) ) = / (Vy(y s ),dS s )- / \VV(Y G - Hs) )\ 2 ds 

Jg- 1 ^) Jo 

(5.4) 



+ 



G-i(O) 

' (y G -i (B) ,w(y G -i (a) ))ds 

(r + G-H S )k(G-i( S )) 
ds 



\ f AV(Y G - Hs) )- 

1 Jo ! 



goG-W 

Let us consider the martingale part of the equality. On the right hand, on the set 
{f G -i( j \ VV(Y s )\ 2 ds < oo}, this (local) martingale is bounded in L 2 and thus converges. 
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Whereas on the set {f G -ir ) |V^(F s )| 2 ds = oo}, by the strong law of large numbers we 
get, for t large enough, a.s. 

rG' 1 ^) i ft 

/ (VV(Y s ),dB s )<- / \VV(Y G -,(s))\ 2 ds. 
Jg- 1 ^) 1 Jo 

Ito's formula (15.41) implies for t large enough 



f | VV(Y G ~ Hs) )\ 2 ds < f AV(Y G - 1{s) )ds - 2V(Y G - Ht) ) + 2V(Y G ^ 
Jo Jo 



(0), 



, ' (Y G - Ha) ,VV(Y G - Ha) )) 
J ' (r + G-i(s))g(G-i(s)) 



g(t + <p(t)) , 
~ goG-^t) +W ^^' 



+ °\l (r + G-\s))goG-\s) dS J- 

So, we have a.s. f Q \ W(Y G -i( s ))\ 2 ds = 0(t) + acp(t). Putting this result in fl5.3[) and 
choosing e small enough, we conclude that tp(t) = 0(t) a.s. □ 

Remark 5.5. Assuming that g increases to the infinity is enough to ensure the conver- 
gence of G~ l {t+T) - G~\t) to 0. 

Theorem 5.6. Suppose that\\mg{t) = oo, and that vanishes whent tends to infinity. 
Then the process Y satisfies the pointwise ergodic theorem. More precisely, there exist 
some deterministic constants > ; such that ^2 a, = 1 and fij converges (for the weak 
convergence of measures) toward ^2 aiS mi . 

l<i<n 

Proof. Consider the time-changed process Y g -im. By Benai'm & Schreiber [I], Proposition 
15.31 implies that the limit points of the empirical measure of Yq-iu\ are included in the 
set of all the "invariant measures" for j^<f) t (x) = — VV(0t(a;)) with the initial condition 
4>o(x) = x. All these invariant measures are included in Vect{8 mi , • • • , S mn , Sm 17 4 4 4 , 3m p }- 
So, if we have only a local minimum, we are done and we have proved the result. Else, let 
fif — J J ^y G _i (s) ds. Lemma [531 asserts that (fif , t > 0) is a tight family of measures. 
Moreover, the ergodic theorem is actually true for any continuous function (p such that 
M < ^(l + with k > 0. Let us now prove the uniqueness of the limiting probability 
measure. Indeed, one easily shows that fit is a Cauchy sequence in L 1 . There exists M > 
such that for any s > 0, 

\Ep t+s - Ep t \ < / E\X u \du + T— / E\X u \du < M—^—. 

t{t + s) J t + s J t t + s 

So, the limit-measure in the ergodic theorem for Y G -i is XT=i a ^m l + T7i=i b^AU (where 
ai,bi are nonnegative constants such that XX a « + = 1) and the last step is to show 
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that the same result holds for Y. 

For all continuous bounded function ip and t > s, we have (by an integration by parts) 



g-\,. , G ( s ) (.,(■;< <; 



= (t - s)/J, G{t) 1p + ^-y [jl G{t) ^ ~ fl G ( s) lJ> 



As fJ>Q( t )ip converges a.s., we deduce that 



<*-\i. , 1 /"* 9(u)G(u), G -i G -i 



fi t ^ = o(l) + /i GW V + - y ^ 2 ( M ) (A t Q(«)V ) - /%(t)VO d «- 

We conclude because | J s * g g"^„|"' > dw is bounded. It only remains to show that 5; = 
for all i. Propositions 14.51 and 14.71 imply that for an unstable critical point, there exists 
a direction j such that for all e > 0, P(Vs > T, \Ys J) - M®\ < e) = 0. Consider 
a nonnegative continuous function /, which support is a small ball (of radius a > 0) 
around M: / vanishes in all critical points except M and f(M) = 1. Then, we have 
a.s. f Q lny(j)_ M (i)i <Q ,-}ds = o(t) and the ergodic result still holds: ~ J* f(Y s )ds converges 
almost surely to b. So, by definition of /, we conclude that 6 = 0. □ 



5.2. Almost sure convergence. We will prove that Y converges a.s. towards a mini- 
mum. Let < e < Eq and T > T be as in Section HI Let m be a local minimum of V 
such that \Yp — m\ < e. 

Lemma 5.7. If limg(t) _1 logG(t) = 0, then for all c > 0, we get f n °° e~ C9 ^dt < +oo. 

Proof. For all e > 0, there exists t large enough, such that for all s > t, we have 
g(s)/ log G(s) > e^ 1 . Moreover, we know that there exists a positive constant a such 
that for t large enough g(t) > a and then G(t) > at. As a consequence, we get 
g{t) > £ _1 log(a£). We now conclude that e -( cl °g( at ))/ £ dt < oo (choose for instance 
e = c/2). ' □ 

Proposition 5.8. Suppose that lirn|^ft = 0. If git)^ 1 log G{t) converges to 0, then Y t 
i.s. and for all i, we have P ( lim V t = m.j ) > and P ( lim Y t = Mj ) = 0. 



converges a. 

Proof. We begin to prove that Y converges a.s. by using a result of Benai'm (pQ Proposition 
4.6). It asserts that if F(x) = — W(x) is a continuous globally integrable vector field, and 
if for all c > 0, we have J °° e~ cgoG ®dt < +oo and P(sup t \Y t \ < oo) = 1, then Y is almost 
surely an asymptotic pseudotrajectory for the flow induced by F. Actually, the first and 
last conditions are fulfilled under our hypothesis. Moreover, as G" 1 is a nondecreasing 
function, the (finite) integral J °° e~ C9 ^dt is a upper bound for the preceding integral. As 
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a consequence, Y is an a.s. asymptotic pseudotrajectory for the flow $ defined by (15.2ft 
and so, the flow restricted to the set of the limit points of Y does not admit any other 
attractor than the set of limit points. Finally, Y converges a.s. and the limit points of Y 
are included into the set {x; W(i) = 0}. 

If Y converges to Y^, then the limit-process Y^ is not a local maximum M, because of 
Proposition 14.51 On the event {Vs > T; \Y S — m*] < e}, which has a positive probability to 

occur by Proposition 14.31 we have a.s. that V t < Y t+T — < U t . As \imU t / y ^® = 1 
a.s., we get U t ^0. The same holds for V t . □ 

t— »oo 

Corollary 5.9. Suppose that limgft) -1 logG(t) =0. If V is a strictly uniformly convex 
function everywhere ( with a unique minimum m ), then Y t m. 

Remark 5.10. If there exists a local minimum m/fl, then F(]l t converges) < 1. On the 
other hand, if is a local minimum, then ]J t converges if and only if U °°^s^^| < oo a.s. 

6. Behavior of X in the case of a general potential 

6.1. Ergodicity of X. At that stage, we have proved that Y satisfies the pointwise 
ergodic theorem. The main question of this paper is to know whether X also satisfies the 
pointwise ergodic theorem or not. Remark, that the process JL t converges a.s. if and only 
if JqY s ^^ converges. In particular, if Y t -^h> polynomially fast then Jl t converges a.s. 

A necessary condition for the almost sure convergence of Y to is to consider a potential 
V with as unique minimum (for instance V is symmetric and strictly convex). 

Proposition 6.1. Suppose that limg(t) = oo, and that vanishes when t tends to 
infinity. Then, the measure fit converges weakly if and only if~p t converges a.s. 

Proof We recall that X t — Y t + ~jl t . We have shown in Section [5], under our assumptions, 
that Y always satisfies the pointwise ergodic theorem. Consider the Fourier transform of 
fit- We have for all u G M. d : 

- \ e l ^ Xs) ds = - / e i{uXs) ds + - / e l(uXs) (e t{u ^ - e i( - u ^) ds. 

t Jo t Jo t Jo 

The first right member converges a.s. to e l( - u '^°°^ J e l( - u ' y ^ , j( y dy). For the second right 
member, we use Cesaro's result to prove that it converges a.s. to if and only if JL t 
converges a.s. So, X satisfies the pointwise ergodic theorem. □ 

6.2. Almost sure convergence. In order to study the asymptotic behavior of (X t ,t > 
0), we will consider the process Y defined by Y t = X t — ~p t . 

Theorem 6.2. Assume that limg(t) = oo and g'(t)/g 2 (t) goes to zero as t tends to 
infinity. Suppose also that a/ gif)" 1 log G(t) = 0{h{t)~ v ), with h : M + — > M + such that 
Io°° (i+s)h(s) < +°°- One of the following holds: 
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(1) If is the unique local minimum ofV then 

p(limX t = /Z + f°°Y s ^-) =p(lim^ = /Z+ fy s — ) =1; 
\t-oo J Q r + sj \t^oo J Q r + sj 

(2) If is a local minimum of V and there exists other local minima, then on the event 
\Y t 0} ; we have that X t converges and else it diverges. More precisely, we get 



oc 



P( MmX t = -p+ I Y s -^— I +P(lim \X t \ = oo) 

\t-+oc n J n r + sj t-oo 



and 



1 >P( \imX t = JL + I Y s -^- ) =P( lim ft = /Z + / F s -^- J > 0; 

(3) If is not a local minimum ofV, then 

P ( lim = oo) = P f lim \ji t \ = oo) = 1. 
Moreover, on the set {Y^ ^ 0}, X t /\ogt converges to Y^. 

Proof. Denote m = (mi, • • • , m^). Recall, that Y t = X t — JT t . First, suppose that m = 0. 
By Proposition 15. 8[ Y t has a positive probability to converge toward 0. On this event, 
Proposition 14.31 implies that the integral J ' ^qr;ds converges (because of the law of the 
iterated logarithm). So, ~fi t converges toward this integral and the result follows for X. 
On the other hand, if m ^ 0, then F(Y t —>■ in) > and so the j^-coordinate of Ji t 
converges to sgn(mj)oo. So, the direction j is unstable and X t does not converge a.s. 
What is more, on the set {Y^ ^ 0}, we have 

Y 



logt 




logWo r + s logtj W g(s) r + s 



The latter upper bound tends to by the law of the iterated logarithm (Proposition 14.31) . 
As = y^r + y^T, the result follows. □ 

log t log t log t ' 

Remark 6.3. Any polynomial h satisfies the required condition. In particular, one can 
choose g{t) = t a (log(l + t)) 13 with a > or a = and [3 > 2. 

If g does not satisfy the latter conditions, then it can happen that JI t does not converge 
a.s. and so, X does not converge. This is a sufficient condition for the a.s. convergence 
of X. 



Conclusion 

We have obtained the following. The process X converges a.s. if and only if g is greater 
than a polynomial (and increases to infinity) and V admits as unique local minimum. 
Otherwise, we will prove in a forthcoming paper that: 
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• if g is such that lim ~?^) = k > 2oscx, then X converges in distribution (to a 
random variable concentrated on the global minima of V) if and only if ^2 a i m i — 
(where the constants tij are defined by Theorem 15. 61) : 

• if lim g(t) = 1, then X converges in probability if and only if J Rd xe~ 2V ( x 'dx = 0. 

References 

[I] Ben aim M. (1999), Dynamics of stochastic approximation algorithms, Sim. Prob. XXXIII, Lecture 
Notes in Math. 1709, 1-68, Springer. 

[2] Benaim M., Ledoux M. & Raimond O. (2002), Self-interacting diffusions, Prob. Theory Relat. 
Fields 122, 1-41. 

[3] Benaim M. & Raimond O. (2005), Self-interacting diffusions III: symmetric interactions, Ann. Prob. 
33(5), 1716-1759. 

[4] Benaim M. & Schreiber S.J. (2000), Weak asymptotic pseudotrajectories for semiflows: ergodic 

properties, J. Dynamics and Diff. Eq. 12(3). 
[5] Cranston M. & Le Jan Y. (1995), Self-attracting diffusions: two cases studies, Math. Ann. 303, 

87-93. 

[6] Cranston M. & MOUNTFORD T.S. (1996), The strong law of large numbers for a Brownian polymer, 
Ann. Prob. 2(3), 1300-1323. 

[7] Durrett R.T. & Rogers L.C.G. (1992), Asymptotic behavior of Brownian polymers, Prob. Th. 
Rel. Fields 92(3), 337-349. 

[8] Harrison J.M. & Shepp L.A. (1981), On the skew Brownian motion, Ann. Prob. 9(2), 309-313. 

[9] Herrmann S. & Roynette B. (2003), Boundedness and convergence of some self-interacting dif- 
fusions, Math. Ann. 325(1), 81-96. 

[10] Kurtzmann A. (2007), The ODE method for some self-interacting diffusions on R d , preprint (avail- 
able on the Arxiv). 

[II] Lepingle D. (1978), Sur le comportement aymptotique des martingales locales, Sem. Prob. (Stras- 
bourg) 12, 148-161. 

[12] Mountford T.S. & Tarres P. (2008), An asymptotic result for Brownian polymers, Ann. Inst. 

H. Poincare, Probab. Statist. 44(1), 29-46. 
[13] Norris J.R., Rogers L.C.G. & Williams D. (1987), Self-avoiding random walk: a Brownian 

motion model with local time drift, Prob. Th. Rel. Fields 74(2), 271-287. 
[14] Pemantle R. (2007), A survey of random processes with reinforcement, Probab. Surveys, 1-79. 
[15] Raimond O. (1997), Self-attracting diffusions: case of constant interaction, Prob. Theory Relat. 

Fields 107, 177-196. 

[16] Raimond O. (2008), Self-interacting diffusions: a simulated annealing version, Prob. Th. Rel. Fields, 
to appear. 

[17] Rogers L.C.G. & Williams D. (2000), Diffusions, Markov processes and Martingales, 2nd edition, 
vol. 2 "Ito Calculus", Cambridge Univ. Press. 

Sebastien Chambeu: Laboratoire de modelisation stochastique et statistique, Univer- 
site Paris Sud, Batiment 425, F-91405 Orsay Cedex, France. Sebastien. Chambeu@math.u- 
psud.fr 

Aline Kurtzmann: Oxford University, Mathematical Institute, 24-29 St Giles', Oxford, 
OX1 3LB, United Kingdom, kurtzmann@maths.ox.ac.uk 



